I. INTRODUCTION
Hylleraas-configuration-interaction ͑Hy-CI͒ ͓1͔ attempts to speed up the convergence of configuration interaction ͑CI͒ by directly introducing a correlation factor r mn , odd, into the wave function. In Hy-CI a wave function is constructed as a linear combination of so-called configuration state functions ͑CSFs͒,
The CSFs are given by
where ⌳ is the symmetry adaptation operator explained later ͓Eq. ͑4͔͒, N is the number of electrons, and j k ͑k͒ and j k ͑k͒ denote functions of the space and spin coordinates of the kth electron, respectively. We have previously pointed out the close relationship between Hy-CI and Hylleraas ͑Hy͒ method calculations for two electrons ͓2͔. For three electrons, the methods diverge and direct comparisons are not possible because products of r mn raised to odd powers ͑so-called odd-odd terms͒ may exist in Hy expansions but not in the corresponding Hy-CI expansions ͑Hy method even powers of r mn may be represented in Hy-CI by higher spherical harmonics in the basis set ͓2͔͒. However, for three electrons there should still be a close relationship between the two methods provided the Hy expansion terms contain at most a single odd power of r mn in the r mn products ͓see Eq. ͑14͔͒.
Therefore, one issue addressed here is whether linked terms ͓By linked products we mean r mn products with a common index, like r ij m r ik n . Unlinked terms ͑like r ij m r kl n , no common index͒ do not occur in Li.͔ like r 12 m r 13 n with odd-odd powers are necessary in Hy. This is an important point since it is the odd-odd r mn products that lead to some very difficult integrals and which are presumably the reason there have been no really accurate Hy calculations for atoms with more than three electrons. Pipin and Bishop ͓3͔ achieved microhartree accuracy in an Hy-CI calculation on lithium, showing that such terms are unimportant at the microhartree level of accuracy. Since odd-odd linked products are by definition excluded in Hy-CI, the accuracy obtainable in Hy-CI without them is also an issue. In this work we are able to achieve sub-nanohartree accuracy for the Li ground state using Hy-CI without such terms, and we further show that with the Hy method these factors are only important at the subnanohartree level of accuracy. We believe that in general, from an Hy perspective, the important linked products of r ij factors are those that have a single r ij factor to an odd power which can then easily be represented in the Hy-CI method by a single r ij factor times appropriate CI terms ͑CSFs͒. While we have demonstrated the unimportance of linked odd-odd products of r ij , it remains to be seen how important unlinked products like r 12 r 34 will turn out to be for systems with more than three electrons.
II. METHOD OF CALCULATION
For three electrons, the Hy-CI wave function we use is
where The wave function given by Eq. ͑3͒ is a linear combination of terms ⌽ K , where the coefficients C K are those which minimize the total energy, E, given by
where
The nonrelativistic Hamiltonian H is ͑in atomic units͒ ͓the atomic unit of energy is chosen as e 4 / ប 2 = 1 hartree, where = m e m N / ͑m e + m N ͔͒
where H i is a one-electron operator ͑electron i͒ consisting of a kinetic-energy part T i =−1/ 2ٌ i 2 and a nuclear attraction part V i =−Z / r i . The condition for the energy to be an extremum, ␦E = 0, is the well-known matrix
Solving this equation is equivalent to solving the N-dimensional generalized eigenvalue problem
where H and S have matrix elements H KL and S KL given by Eq. ͑6͒. Hence the coefficients C K in Eq. ͑3͒ are found by solving the K max -dimensional generalized eigenvalue problem using the familiar inverse iteration method. Quadruple precision and parallel processing were used throughout the calculation. We show in the appendix how we handle the antisymmetrization, spin, and angular-momentum projections involved in computing the Hamiltonian and overlap matrix elements.
III. RESULTS AND DISCUSSION
A. Hy-CI calculation of the 2 2 S Li ground state
The CSFs given by Eq. ͑4͒ can be written as
in terms of spatial and spin functions F K ͑r 1 , r 2 , r 3 ͒ and ⌰ K . In this work we use only the first spin function ⌰ K = ⌰ 1 = ␣␤␣ and the spatial part of the wave function F K ͑r 1 , r 2 , r 3 ͒ is given by a particular choice of r ij factor and Hartree orbital product
where K is restricted, without loss of generality, to be either 0 or 1. In Table I 
expansion of s 1 s 2 s 3 r 12 2 r 13 2 gives rise to sss terms, psp terms, pps terms, and p͑1͒p͑2͒pЈ͑1͒pЈ͑3͒ terms. Expanding this last term gives spp and dpp terms. Similarly, r 12 2 r 23 2 gives rise to the new term pdp and r 13 2 r 23 2 to ppd. None of the dpp, pdp, or ppd products are obvious CI orbital promotions. Of course in the same way the earlier terms in Table I arise from suitable Hy terms, e.g., r 12 2 leads to pps, r 13 2 to psp, r 12 4 to dds, and so on. Indeed all orbital products have an Hy equivalent r ij product term. Of course all such orbital products are only candidate terms and must be tested individually for importance essentially by trial and error.
In our early calculations we did in fact overlook the dpp ‫ء‬ R, pdp ‫ء‬ R, and dpp ‫ء‬ R terms, as did previous workers, yet were still able to get ͑surprisingly͒ to within 10 nanohartree of nanohartree accuracy. After adding ppd ‫ء‬ R, pdp ‫ء‬ R, and dpp ‫ء‬ R terms we ran into another hard energy limit, preventing us from getting closer than 2 nanohartree of nanohartree accuracy. The problem in this case turned out to be the absence of the ddd and ͑fpd, pfd ,...͒ term types shown in Table I . ddd arises from the expansion of r 12 4 r 13 4 while fpd comes from the expansion of r 12 2 r 13 4 and so on for the other permuted forms of fpd. As can be seen, maybe only two or three of the fpd‫ء‬ R term types are in fact needed. Finally, we added f fs‫ء‬ R to acknowledge that f f ‫ء‬ ͕1,r 12 ͖ is of importance in the description of the Li + ion at the nanohartree accuracy level. fsf ‫ء‬ R-and sf f ‫ء‬ R-type terms were also tested and found not to be important. Also no instance of an orbital product including g orbitals was found to be important, as for example, ggs ‫ء‬ R. The last set of expansion terms in Table I introduces additional correlation into the K shell in the amount of 0.836 nanohartree, indicating a less than perfect description of the sss ‫ء‬ R part of the wave function. We attribute this to be a result of not having sufficient flexibility in the s-orbital basis sets, arising from the limit of just eight orbital exponents permitted for all orbitals, this limit imposed by a not easily remedied problem in the integral codes. Orbital exponent optimization was rather carefully done at the N = 10 044 expansion level by hand ͑no analytical derivatives͒. The sK orbital exponent splitting shown gained only 1 nanohartree. Due to limitations in the integral codes it was not possible to give every orbital type its own orbital exponent. Although with our sequential codes we could work around this problem, it was not practicable to implement similar changes in our parallel codes without major changes to the code itself. In a purely practical sense this was not a serious problem since the dependence of the final energy on the orbital exponents turned out to be very flat. As has been pointed out by Pulchalski and Pachucki ͓12͔ and Yan, Nörtershäuser, and Drake ͓13͔, the number and choice of the nonlinear parameters is very important at the nanohartree level. This is true for both the Hy method and Hy-CI.
At this point we decided to call a halt to the 2 2 S calculations, having reached our goal of sub-nanohartree accuracy, because to do substantially better would involve substantial modifications to our codes to accommodate more orbital exponents, analytical derivatives, and mechanisms for shortening the expansion, like putting a limit on the sum of the powers of r i as was done in the Hy method work ͓recall that inverse iteration is an O͑N 3 ͒ process͔. In Table II The second result entered into Table II is an s , p , d r ij energy limit obtained using terms 1-11 and 19 from Table I which gave an energy of E͑14 364͒ = −7.478 060 321 379 hartree, no r ij powers higher than the first power. Adding f orbitals we obtained an s , p , d , f r ij energy of E͑16 764͒ = −7.478 060 323 451 9 hartree. This is slightly better than the explicitly correlated Gaussian ͑ECG͒ result of Pachucki and Komasa ͓19͔ and better than all but the most accurate Hy calculations of Pulchalski and Pachucki ͓12͔, Yan, Nörtershäuser, and Drake ͓13͔, and Pulchalski, Kedziera, and Pachucki ͓11͔, coming to within 0.56 nanohartree of the estimated exact energy of Li.
B. Hy calculation of the 2 2 S Li ground state
Next we used the code of Pulchalski and Pachucki ͓12͔ to determine the importance of odd-odd and odd-odd-odd power r ij r ik and r ij r ik r kj terms as these are the only ones for which there is no correspondence with Hy-CI terms. The Pulchalski and Pachucki method of generating their wave functions is the multiple basis set method originally developed by Yan and Drake ͓21͔. The key idea is to start with a fully correlated Hy variational basis set of the form r 23 n 1 r 31 n 2 r 12 n 3 r 1 n 4 r 2 n 5 r 3 n 6 e −␣ 1 r 1 −␤ 2 r 2 −␥ 3 r 3 1 , ͑14͒
where 1 is a spin function with spin angular momentum 1/2. The basis set is then replicated several times with different nonlinear scale parameters ␣, ␤, and ␥, with the scale parameters fully optimized for each sector. For the analysis given here, we used the 9576 term basis set of Pulchalski and Pachucki ͓12͔. The basis is divided up into five sectors as follows: ͑1͒ all n 3 , n 1 =0, n 2 =0; ͑2͒ all n 3 , n 1 =0, n 2 0; ͑3͒ all n 3 , n 1 0, n 2 =0; ͑4͒ n 3 =0, n 1 0, n 2 0; ͑5͒ n 3 0, n 1 0, n 2 0. Table III gives the results of dropping odd-odd and oddodd-odd terms where, in the table, N is the cumulative number of terms, and NЈ is the number of terms surviving after odd-odd and odd-odd-odd terms have been eliminated. Hence the NЈ column is the N-column wave function filtered to contain only at most a single odd r ij power.
The most striking observation ͓fifth line in the table, E͑6170͒ vs E͑9576͔͒ is that products of odd powers of r ij contribute only at the sub-nanohartree level for accurate wave functions ͓E͑6170͒ is E͑9576͒ with odd-odd and oddodd-odd r ij products removed͔.
We also did runs with only one odd r ij power and the maximum r ij power in any term restricted to 6 and then 5. The results are also tabulated in Table III . Table IV shows, selection of expansion terms for this state mirrors those for the ground 2 2 S state except that we dropped the pdf term types ͑which contribute only at the sub-nanohartree level͒. We use more L-shell orbitals ͑the K-shell ionic core should be similar to the ground 2 2 S state, but the L-shell orbitals should reflect the higher, more energetic state͒. The last two lines in Table IV suggest we have as many as are required for this state. f fs‫ء‬ R and s Ka s Ka s Ls ‫ء‬ R terms contribute like they do for the 2 2 S state, indicating that these are truly K-shell core effects. As in the case of the 2 2 S state, here and for the higher states we make no attempt to filter or otherwise weed out unimportant terms. Note that the 3 2 S state is within 0.494 nanohartree of the Pulchalski, Moro, and Pachucki ͓23͔ calculation, demonstrating that Hy-CI can achieve sub-nanohartree accuracy for Li excited states as well as the ground state. Table V shows energies for various truncations of the wave function for the remaining excited states. We have dropped ddd ‫ء‬ R ͑since it contributes only 0.5 nanohartree for the 3 2 S state͒ and have changed the basis set description for the L shell to hopefully be more flexible ͑we use two different Ls orbital exponents͒ for these even more diffuse states. As one might expect, the importance of 7sLs and 5sLa increases as we go to higher excited states. The contributions of the various term types scale inversely roughly with the excited electron principle quantum number with some irregularities due probably to the less than perfect optimization of the orbital exponents in the K shell. The improvement of our results over the previously best calculations of King ͓22͔ is consistent until one reaches the 6 2 S state, where we are about 128 nanohartree better. For the 7s state it is evident from the contributions of the last two term types that the sss ‫ء‬ R part needs some further work, the wave function not being sufficiently flexible for this highly excited state ͑a change over to hydrogen-like orbitals is probably called for as the excited electron becomes more Rydberg-like͒. Despite these deficiencies, Table VI ͑which gives a comparison of our excited-state results with previous theoretical work͒ shows that our 4 2 S, 5 2 S, 6 2 S, and 7 2 S state results improve substantially upon previously published work. Included in the table are our best estimates of the exact energies of these states. These estimates are in line with the sensitivity analysis for the ssss part of the wave function, which is probably where most of the error lines. The error in the 7 2 S state is somewhat bigger due to the inadequate valence shell basis discussed above.
IV. CONCLUSION
In this work we have demonstrated the ability of Hy-CI calculations to achieve sub-nanohartree accuracy for lithium. We have also demonstrated that Hy calculations can achieve sub-nanohartree accuracy for three-electron systems using only a single odd r ij in any term in the wave function, showing the relative unimportance of linked products of odd r ij in the Hy method at the nanohartree level of accuracy. These calculations suggest that Hy-CI should also be capable of achieving sub-nanohartree accuracy for three-electron systems, and we have demonstrated that in these calculations. While we have shown the relative unimportance of linked products of r ij for on the order of less than nanohartree accuracy, it remains to be seen how important unlinked products like r 12 r 34 will turn out to be for systems with more than three electrons. We intend to explore this point in a future publication. We have also shown how to pick expansion terms in an Hy-CI calculation both from CI considerations and by using the expansion of likely Hy r ij products as a guide. Finally, we point out that there still is room for a more systematic effort to determine a really accurate Hy-CI value for Li and its excited states ͑including P and D͒ now that we understand the problem in the Hy-CI context.
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APPENDIX: PROJECTION REDUCTION
Using Eq. ͑4͒, matrix element H KL becomes 
where N is the number of electrons, P ␣ refers to those permutations which permute only ␣ spins, P ␤ refers to those permutations which permute only ␤ spins, and P ␣␤ refers to only those permutations which permute an ␣ spin and a ␤ spin. If we rewrite the bra and ket functions in Eq. ͑A1͒ in terms of a single spin function, the H KL matrix element will end up involving only A ␣ A ␤ since permutations between ␣ and ␤ give zero results when integrating over spin.
In our case ⌰ K = ⌰ L = ⌰ 1 = ␣͑1͒␤͑2͒␣͑3͒ = ␣␤␣, so we can write
where g K = r ij K and f K is the hartree product ͟ s=1 3 ͕ K s ͑r s ͖͒. Using the quantum-mechanical "turnover rule" ͓33͔, the 
͑A8͒
Now we can integrate over spin, effectively removing spin from the matrix element: Depending on the structure of g L f L , ͑1− P 13 ͒B͑g L f L ͒ may further simplify, and this should be checked before application of O L,M L ͑we in fact do this in working out the righthand side of H͒. In practice we routinely swap the bra and kets if doing so will reduce the number of terms resulting from Eq. ͑A12͒.
